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2. Researc h g o als an d researc h m et h o d s

T he m ain g oal of this U S P project is the developm ent of m athem atical m odels and com pu ta-
tional m ethods and their application to com pu ter sim u lations in collaboration with partners
in q u antu m physics, q u antu m chem istry and q u antu m electronics. T he sim ilarities in m athe-
m atical stru ctu res of m odels in diff erent application areas allow to develop new m ethods in a
g eneral setting . T he 2 “ m ain them es” , Nonlinear S chröding er eq u ations and (q u antu m ) B oltz -
m ann eq u ations are som ewhat linked by “ kinetic form u lations” of PD E s and in particu lar by
the W ig ner transform that m aps between the physical space of NL S (and m acroscopic m odels
like (q u antu m ) fl u id dynam ics) and the “ phase space” of kinetic eq u ations. T he inclu sion of a
“ collision operator” in the W ig ner eq u ation, which yields what can be called “ q u antu m B oltz -
m ann eq u ations” in the strict sense of kinetic eq u ations, is a challeng ing long term g oal both
from the m odeling and the nu m erical point of view.

T he approx im ation of the nu m erically intractable linear “ N-body T im e D ependent S chröding er”
(N-T D S ) eq u ation by (system s of) nonlinear one-particle S chröding er eq u ations yields a larg e
variety of m odels from the “ M u lti-C onfi g u ration T im e D ependent H artree-Fock” (M C T D H F)
m ethod to “ T im e D ependent D ensity Fu nctional T heory” (T D D FT ).

T he particu lar research topics/ g oals are :

(i) Nu m erical analysis of M C T D H F, e.g . the proof of converg ence of solu tions of M C T D H F to
solu tions of N-T D S for increasing nu m ber of confi g u rations with N fi x ed, related to the proof
that this m ethod has better converg ence properties than a sim ple G alerkin m ethod with fi x ed
basis fu nctions. Im proved nu m erical alg orithm s for M C T D H F. S im u lations for problem s in
photonics and q u antu m chem istry.

(ii) Nu m erical m ethods for T D D FT , inclu ding relativistic and cu rrent dependent T D D FT in
m odels like the D irac-K ohn-S ham system cou pled to M ax well eq u ations. S im u lations for prob-
lem s in m aterial science (e.g . u ltrafast spectroscopy, m ag netic switches).

(iii) Nu m erical sim u lations for NL S in variou s contex ts
a) S im u lation of B low-u p phenom ena in focu sing NL S
b) B ose-E instein C ondensates (G ross-Pitaevskii eq u ation)
c) K P eq u ations
d) Pu shing the threshold in sem iclassical com pu tations for S chröding er type eq u ations, also
u sing and com paring to W K B m ethods and B loch decom position m ethods.

(iv) T he form u lation and nu m erical sim u lation of q u antu m transport m odels inclu ding electron-
phonon interaction which yields a class of “ q u antu m B oltz m ann eq u ations” . T his involves a
system atic sim plifi cation procedu re starting from a fu ll q u antu m m echanical description of the
electron-phonon system inclu ding the infl u ence of the crystal lattice. A lso we shall deal with
the nu m erics of approx im ate m odels like “ q u antu m Fokker-Planck eq u ations” . T he recent work
on S H E m odels (S pherical H arm onic E x pansions) related to q u antu m entropy m odels shall be
ex ploited for im proved nu m erical alg orithm s.

(v) C ontribu tion to the developm ent of effi cient nu m erical approaches for kinetic transport m od-
els. In particu lar, stochastic particle m ethods based on cu batu re in path space cou ld provide an
im provem ent of standard M onte C arlo m ethods. T he corresponding theory, recently developed
for stochastic processes based on B rownian m otion will be ex tended to Poisson ju m p processes.

A s a m ethod/ tool for (i,ii, iii) it shou ld be noted that the cu rrently u sed sim u lation code for
NL S , developed by M arkowich, B ao and J in (essentially a tim e splitting spectral m ethod), has
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been increasing ly ex tended to a u niversal tool for all sort of g eneralized NL S . S tim m ing has
developed a parallelized version perform ing very well on the S chröding er II and III m achines of
the Z ID of the U niv. W ien, allowing for sem iclassical sim u lations in 3 -d (u p to 10 0 0 g ridpoints
in each spatial direction).
D espite its advantag es, however, this code shall be replaced by a new NL S solver (u sing adaptive
g rid redistribu tion) at the end of this project, inclu ding a parallelized version.

2.1. ad (i) : M C T D H F . It is an im portant problem in q u antu m physics and q u antu m chem -
istry to fi nd nu m erically tractable approx im ations of the “ ex act” m any-body problem of non-
relativistic q u antu m dynam ics of N interacting electrons (and M nu clei that we lu m p into the
“ ex ternal potential” ). In the non-relativistic case one wou ld ideally like to solve the N-body tim e-
dependent linear S chröding er eq u ation (N-TD S ) with C ou lom b potential and a tim e-dependent
ex ternal potential V (rj, t), which reads

i
∂

∂t
Ψ =

N
∑

j=1

(

− 1

2
∆

rj
Ψ + V (rj , t)Ψ

)

+
∑

1≤j< k≤N

W (|rj − rk|)Ψ

in atom ic u nits. H ere Ψ = Ψ(r1, r2, . . . , rN), and rj ∈ R
3 denotes the position coordinates of

the jth particle. The binary interaction potential W is typically g iven by the C ou lom b potential
W (|rj − rk|) = C

|rj−rk|
.

Althou g h (1) is a linear PD E , it scales com pu tationally in an ex ponential way with increasing
nu m ber of particles which m akes it practically im possible to com pu te solu tions directly for
system s with m ore than very few electrons.

To avoid this problem , often (cou pled system s of) nonlinear S chröding er eq u ations for several
sing le-electron “ orbitals” are u sed in practice. O ne way to obtain su ch sim plifi ed m odels from
(1) is by “ variational approx im ation” . This techniq u e produ ces the tim e-dependent H artree-
Fock (TD H F) or multico n fi gura tio n tim e-dependent H artree-Fock (MC TD H F) sytem s, and larg e
variety other possibilities [4 2]. A diff erent approach is tim e-dependent density fu nctional theory
(TD D FT) which produ ces the tim e-dependent K ohn-S ham system [4 6 ] and [1].

To illu strate the variational m ethod we consider the 2-particle MC TD H F-ansatz

(1) Ψ(x1, x2) =

n
∑

j,k=1

ajkφj(x1)φk(x2),

where {φ1, φ2, . . . , φn} is an orthonorm al set of n ≥ 2 spin-orbitals. The coeffi cients satisfy
akj = −ajk so that Ψ is antisym m etric, thu s obeying Pau li’s ex clu sion principle, and

∑

|ajk|
2 = 1

to ensu re ‖Ψ‖ = 1.

The D irac-Frenkel variational principle yields a system of ordinary diff erential eq u ations for
the coeffi cients ajk, cou pled to a system of partial diff erential eq u ations for the spin-orbitals φi

which reads in vector notation for ~φ = (φ1, φ2, . . . , φn)
T

d

dt
ajk = −i

〈

φj(x1)φk(x2), V Ψ(x1, x2)
〉

∀j, k(2)

d

dt
~φ =

i

2
(∆ ⊗ In)~φ − i((I − P ) ⊗ Γ−1A)V~φ

(Ψ) .(3 )

H ere A is the antisym m etric coeffi cient m atrix and Γ = AAT . P is the projection onto the
su bspace spanned by the orbitals φi, V~φ

(Ψ) denotes the vector (Vφ1
(Ψ), . . . , Vφn

(Ψ))T , where
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Vφj
(Ψ) is defi ned by

〈ξ, Vφj
(Ψ)〉 =

∫

ξ(x1)φj(x2)V (x1, x2)Ψ(x1, x2)d x1d x2

To calcu late nu m erical solu tions of the M C TD H F eq u ations is not trivial, since it req u ires
the solu tion of a nonlinear system of O D E s for the coeffi cients ajk(t) cou pled to the evolu tion
eq u ations for the “ orbitals” φi(r, t).

In order to solve the M C TD H F eq u ations (as well as the TD H F eq u ations) we cu rrently u se the
tim e-splitting spectral schem e which was orig inally developed for the cu bic N L S [2] and which
has been proven to be a very effi cient tool for very g eneral classes of N L S (e.g . [1], [9 ]).

U sing B orn von K arm an periodic bou ndary conditions on a su ffi ciently larg e dom ain of cal-
cu lation fi ts well with the trig onom etric spectral m ethod for the free evolu tion that is split in
tim e from the nonlinear potential part that yields an O D E that is solved by a fou rth order
R u ng e-K u tta schem e.

C learly, these m ethods are far from being optim al. O u r g oal for M C TD H F is to develop new
effi cient nu m erical m ethods for the solu tion of system of eq u ations like (2), (3 ) and to perform
nu m erical tests to stu dy system atically how the (M C )TD H F m odels perform in the contex t
of com pu tationally feasible sim ple problem s, com pared to the linear N -particle S chröding er
eq u ation.

It is basically im possible to estim ate “ a priori” which of the m odels in the hierarchy is “ better”
for the calcu lation of a certain q u antity - for ex am ple it is well known that som etim es the sim ple
H artree approx im ation g ives better resu lts than the m ore sophisticated H artree Fock eq u ation,
especially when “ correlation” eff ects play a role that are ig nored by defi nition in the TD H F
m ethod. (cf e.g . [5 ] and [25 ]).

C learly, M C TD H F is the canonical way to im prove the TD H F m ethod and shou ld, with in-
creasing nu m ber of confi g u rations, converg e to the solu tions of the N -S E .

L et u s rem ark that for M C TD H F m any basic m athem atical q u estions are open, starting with
ex istence of u niq u e g lobal solu tions for the C ou lom b case (cf. [3 5 ], [5 9 ], [6 ]) becau se of an
intrinsic problem of loss of rank of the density m atrix after fi nite tim e (cf a interesting related
recent resu lt on ” low rank approx im ations” of L u bich et al. [3 6 ]. S u ch analytical stu dies will
have im portance for the nu m erical alg orithm s.

2.2. a d (ii) : T D D F T . D ensity fu nctional theory is a diff erent (bu t related) approach to
replace (1) by sim pler nonlinear “ one particle” m odels. It consists of approx im ating (1) by
a system of electrons with self-consistently determ ined potential fi elds which m odel the in-
teractions. Tim e-dependent density fu nctional theory (TD D FT) is based on analog u es of the
fu ndam ental H ohenberg -K ohn Theorem and variational principle that were fi rst ex pou nded in
[5 4 ] and leads to the tim e-dependent K ohn-S ham system

i
∂

∂t
φj(x, t) =

[

−1

2
∆ + VKS[ρ](x, t)

]

φj(x, t)(4 )

j = 1, 2, . . . , N

where the K ohn-S ham potential is defi ned as

VKS[ρ](x, t) = V0(x, t) + VH [ρ](x, t) + VXC [ρ](x, t) ,



8

and the density ρ(x, t) depends on the K ohn-S ham orbitals ρ(x, t) =
∑N

j=1
|φj(x, t)|2 . H ere V0

is an ex ternal potential, VH [ρ](x, t) is the H artree interaction potential and VXC [ρ](x, t) is the
ex chang e-correlation potential.

O ne of the principal weak nesses of D FT as su ch is that the fu nctional VXC [ρ] is g enerally
u nk nown, and one is forced to m ak e a heu ristic ansatz (based on a g u ess m ore or less g u ided
by insig ht into the physics) to be plu g g ed into (4 ). For the tim e dependent case the fu nctional
depends also on the initial data - i.e. in g eneral for each diff erent initial density m atrix a
diff erent fu nctional is necessary. M oreover, the u nk nown dependence of VKS[ρ(·, ·)](x, t) on the
tim e-dependent density ρ(x, t) is probably very com plicated : Cau sality of VKS can be assu red
by deriving VKS from a proper action fu nctional, bu t VKS will still be nonlocal in tim e and
space ([2 4 ]).

In the stationary theory, the following form u lations ex ist today:

• basic D FT for tim e-independent, non-relativistic system yielding VXC [ρ](x)
• spin polarized density fu nctional theory with the density n (r) and the m ag netization

density m (r) as basic q u antities.
• Cu rrent density fu nctional theory which still u ses a S chröding er-type H am ilton operator

bu t considers the density and the cu rrent density operators as the fu ndam ental q u antities
• A relativistic density fu nctional theory (R D FT ) u sing the K ohn-S ham -D irac eq u ations,

here there are open q u estions rem aining abou t an approx im ative form of the D irac eq u a-
tion which cou ples the m ag netic fi eld to the spin cu rrent only. T his approx im ation is
widely u sed in physics bu t recently has been criticized for its m issing term s to be m ore
relevant. For the g eneral form of the K ohn-S ham -D irac eq u ation there are still q u estions
rem aining reg arding the u se of a proper XC fu nctional for the vector potential.

In the tim e-dependent theory the choice of the appropriate fu nctional is larg ely open, bu t there
are as well som e already developed m ethods. O ne of ou r g oals is to perform reliable nu m eri-
cal sim u lations for a detailed com parison of the diff erent already ex isting T D D FT “ ex chang e-
correlation fu nctionals” in order to obtain fu rther insig ht in the applicability of T D D FT to
variou s physical problem s. For the case of spin polarized D FT , cu rrent D FT , or even relativis-
tic D FT , new fu nctionals have to be fou nd and applied.

A sim u lation code for N onlinear S chröding er type eq u ations ex ists already [1 ] which is applicable
to a wide fam ily of m odel eq u ations. An ex tensive adaptation of the alg orithm is necessary to
inclu de m ag netic fi elds and the S pin-dependent cases. T he artifi cial bou ndary conditions present
problem s for u nstable sim u lations and som e other treatm ent than the B orn-V on K arm an m ethod
will be needed, for ex am ple a P M L -m ethod.

In the long term it will be necessary to em ploy g eom etry-specifi c M u lti-G rid m ethods to enhance
perform ance and accu racy of sim u lations.

An im portant task is the ex tension of the above described m ean fi eld q u antu m m odels lik e T D H F
to the “ re la tiv istic re g ime ” . T his inclu des both relativistic corrections to the T D D FT / T D H F
eq u ations as well as a fu lly relativistic setting relying on nonlinear D irac type m odels. T he
nu m erical treatm ent of su ch system s is itself a notable task . Q u ite recently scientifi c prog ress
has been achieved in this area: O n the one hand several analytical resu lts concerning asym ptotic
lim its of the so-called “ M ax well-D irac system ” have been achieved by the proponents of this
U S P in [1 1 , 1 4 , 3 9 , 5 6 ]. T his is a m ean fi eld system replacing the classical H artree (-Fock ) m odel
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by

(5 )















i∂tψ =

3
∑

k= 1

αk (−i∂xk
− (Ak + Ae x

k
))ψ + q(V + V e x)ψ + m c2βψ,

(∂tt − ∆x) V = |ψ|2, (∂tt − ∆x)Ak = ψ · (αkψ), k = 1, 2, 3,

i.e. a nonlinear D irac eq u ation for the electron-positron 4 -spinor, cou pled to the M ax well system
for the self-consistent (electromag netic) fi eld s V,Ak. Ad d itionally one may take into accou nt
ex ternal electromag netic potentials V e x, Ae x

k
. Ad d itionally to the above mentioned analytical

stu d ies there is recent work of M arkowich, S parber et al. on a nu merical treatment of this
system in [29 ]. We plan to ad apt the cod e of [29 ] for the u se on parallel architectu re and ex tend
it to inclu d e a K ohn-S ham-D irac system.

T he main d rawback of the M ax well-D irac system is its lacking rig orou s d erivation of an u nd er-
lying q u antu m fi eld theory of electrod ynamics. Ind eed one may arg u e that the M ax well-D irac
system shou ld better be replaced by the so-called “ B og oliu bov-D irac-F ock system” . T his mod el
has been recently d erived from fi rst principles in [33] and fu rther stu d ied in [30 , 31, 32]. It pro-
vid es a more natu ral d escription of the electrons and positrons as well as their (self-consistent)
interactions (in C ou lomb G au g e). M oreover, interaction with the vacu u m backg rou nd is taken
into accou nt and one is provid ed a positive d efi nite energ y fu nctional, an important ad van-
tag e in comparison to the M ax well-D irac system. F inally it is known that the non-relativistic
limit of the B og oliu bov-D irac-F ock system yield s the above mentioned H artree-F ock eq u ations,
which clearly provid es a fi rst link between this relativistic systems and the more classical mean
fi eld mod els based on S chröd ing er type eq u ations, as it has been obtained for the “ simple”
D irac-M ax well mod el by M au ser et al. [13, 14 ].

2.3. ad (iii): N L S . T his is somewhat the central topic of this project where we d eal with
several classes of N L S type eq u ations and applications in d iff erent contex ts, partly connected
to topic (ii) and (iv) :

a) S im u latio n o f “ b low u p ” p h e n o m e n a o f N L S
C onsid er the following class of focu sing N L S :

i∂tu+ ∆u = −λ|u|2σu , u|t= 0 = u0 .

A local nonlinearity as in this eq u ation appears in D F T mod els like, for ex ample, the S chröd ing er-
Poisson-X α eq u ation.
It is well known that if σ ≥ 2

n
, a H1-solu tion may blow u p in fi nite time T ∗, i.e. ‖u‖H1 → ∞ for

t → T ∗, hence no ex istence for t ≥ T ∗. T his phenomenon is a sou rce of many open q u estions,
and research on this fi eld has been g oing on for a long time, with some recent breakthrou g hes
from the analysis point of view (F . M erle et al), (see for ex ample [5 3], [5 8 ], [5 0 ]) yet many
q u estions are still open. It is known that L2-concentration takes place at blowu p, i.e. positive
L2-mass concentrates at a fi nite set of points or a zero measu re set. M ost of the theoretical
eff ort so far has been pu t on the q u estion of self similarity, and fi nd ing possible blow-u p pro-
fi les and blow-u p rates. T he “ T ownes S oliton” has long been known to be a possible blow-u p
profi le. R ecently it has been shown that blow-u p is also possible on a ring -shaped profi le [23].
S elf-similar solu tions known so far are u nstable in g eneral, and conseq u ently also the related
blow-u p rates.

O n the other hand little is known abou t the time T ∗ at which blow-u p occu rs and ways to
relate it, for ex ample, to parameters in the eq u ation and initial d ata. In fact, this q u estion
when the blow-u p starts is mu ch more interesting for the applications than the precise blow-u p
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profile. S ince analytical resu lts are mostly ou t of reach, this problem of stu dying blow-u p times
nu merically (and phenomena like “ mu ltiple blow-u p” ) is one of the most interesting problem
of scientific compu ting in the field of N L S . To have reliable simu lations is interesting both for
applications and for the advancement of the theory. C u rrent nu merical stu dies of blow-u p led by
the proponents [10 ] are very promising . They show that in contrast to common conjectu res the
blow-u p time does not decrease monotonou sly with respect to a varying scale λ of the nonlinear
term. The simu lations are verified by comparison of simu lations with two completely diff erent
codes: the time splitting spectral scheme developed in V ienna and a finite diff erence relax ation
method developed in Tou lou se/ L ille.

N ew adaptive methods are necessary in order to also resolve the blow u p profiles. The B low-U p
“ L ens” transform [4 4 ], for ex ample, is reliable close to blowu p, bu t it is not clear what happens
away from blowu p and it is not possible to treat mu lti-point blowu p with this method. A self-
adaptive g rid refinement wou ld be a very promising approach, the drawback there is that this
does not allow for application of other than the most simple , i.e. ex plicit, nu merical methods
for the eq u ations.

Fu rther nu merical stu dies are needed e.g . to u nderstand interaction of self-focu sing with dis-
persing or other eff ects and to address q u estions like finding a priori blow-u p times and “ places” .
Fu rthermore one wou ld like to know if other g eometries than points or circles are possible. Also
it wou ld be interesting to q u antify for g iven data how mu ch of the L2-charg e will enter into
collapse. In this contex t a most interesting point is the possibility to continu e the part of the
solu tion that does not collapse after the blow-u p time, in the spirit of [17 ].

b) P D E M o d e ls o f B o se E in ste in C o n d e n sa te s
In the contex t of N L S models for B ose-E instein distribu tions several resu lts, aiming in diff erent
directions, have been achieved by the proponents. O n the one hand the rig orou s derivation
of lower dimensional N L S in situ ations where there is a strong confinement in one or two
dimensions are g iven in [8 ] and nu merically stu died in [4 ] (in the latter work one allows for
more g eneral initial data). The situ ation of B E C s in so-called “ optical lattices” , modeled by a
periodic potential, i.e.

(6 ) i∂ tψ = −
1

2
∆ψ + V (x)ψ + U(x)ψ + α|ψ|2ψ, α ∈ R,

where V (x+γ) = V (x), ∀x ∈ R
3, γ ∈ Γ ' Z

3 (the lattice), is addressed in [19 ] and [5 5 ]. To this
end rig orou s semi-classical asymptotics and eff ective mass theorems are established, the latter
yielding an eq u ation of the form

(7 ) i∂ tf = −
1

2
div(M∗∇)f + U(x)ψ + κ∗ |f |2f,

as u sed in the physics literatu re (see [5 2]). H ere we denote by M ∗ = D2

k
En(k0), the eff ective

mass tensor, i.e. the H essian matrix of the nth B loch energ y band En(k), n ∈ N, indu ced by
the lattice potential V , κ∗ ∈ R is an eff ective cou pling constant and U some g iven non-periodic
(possibly confining ) potential.

Also a new nu merical alg orithm to stu dy su ch problems, i.e. (linear) S chröding er type eq u ations
with periodic potentials is proposed in [28 ]. It is shown there, that this new B loch-decomposition
based alg orithm is su perior to the standard time-splitting schemes in the sense that the same
accu racy can be achieved u sing mu ch fewer time-steps and a coarser spatial g rid. As a follow-u p
work we cu rrently ex tend this new nu merical method to nonlinear S chröding er eq u ations too,
focu sing on nonlinearities of diff erent streng th in particu lar.
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c) K P e q u a tio n
A new branch of research which is connected to the above has been started in [3 4 ]. T here
a nonlinear dispersive wave eq u ation, nam ely the “ K adom tsev-Petviashvili eq u ation” (K P) is
stu died nu m erically. T his 2 + 1 dim ensional eq u ation, g iven by

(8 ) ∂x(∂tu+ u ∂xu+ ∂xxxu) + λ ∂yyu = 0, λ = ±1,

is form ally obtained as a m odel for m atter wave pu lses in B E C s as well as for sou nd waves
ferrom ag netic m edia and also in the desc ription of two-dim ensional shallow water waves (thereby
g eneraliz ing the celebrated “ K orteweg -de Vries eq u ation” ). A form al asym ptotic analysis g iven
in [3 4 ] connects the K P eq u ation with a N L S of D avey-S tewartson type. Indeed the sm all
dispersion lim it of this m odel shares several sim ilarities with the sem i-c lassical lim it for N L S .
We ex pect to continu e ou r stu dies of the K P m odel, aim ing for establishing nu m erically diff erent
q u alitative properties, in the nearby fu tu re.

d ) S e m icla ssica l lim its o f N L S
We consider the N L S with a “ sm all param eter” ε that typically also enters as a scale of osc illa-
tions in the initial data ψε

I :

(9 ) iε∂tψ
ε = −

ε2

2
∆ψε + V ε(x , t)ψε

T he “ hom og enization” lim it of ε → 0 in this N L S corresponds to a “ (sem i)c lassical lim it” of
vanishing scaled Planck constant or to a “ hig h wave nu m ber lim it” in nonlinear optic s, where
su ch N L S is obtained as the parax ial approx im ation of the H elm holtz eq u ation.
T he physically interesting q u antities like the “ density” n = |ψε|2 are q u adratic in ψε. S ince
we are in the reg im e of weak lim its (concentrations and osc illations), the calc u lation of su ch
q u adratic q u antities does not com m u te with the lim it, of cou rse.

Wig ner transform m ethods have proven to be a very g ood tool for analytical resu lts for su ch
“ sem ic lassical lim its” : a g eneral theory for wide classes of linear problem s was g iven in [21].
Also weakly nonlinear problem s of S chröding er-Poisson type cou ld be su c cessfu lly tackled e.g .
[6 0] and [12] where the setting is in a crystal which is relevant for sem icondu ctor m odeling . S u ch
kind of resu lts have been u sed for theoretical analysis of nu m erical alg orithm s [5 1], however, the
Wig ner transform s have only lim ited interest for nu m erical sim u lations, where WK B m ethods
and their g eneralizations have tu rned ou t to stay the preferable tool.
We recall the basic WK B ansatz :

ψε(x , t) = a(x , t)eiS (x,t)/ ε ,

T he relation of Wig ner transform m ethods to M u ltiphase WK B m ethods has been fi rst stu died
by the proposers in [5 7 ], where the g eneral linear case is disc u ssed.

Fu rther theoretical stu dies on WK B m ethods have been perform ed by the proposers for S chröding er-
Poisson system s e.g . in [20] and in [19 ] (where a periodic lattice potential is inclu ded).

T he proponents have started nu m erical sim u lations of sem ic lassical lim its for S chröding er eq u a-
tions in a crystal u sing ” m u lti branch” WK B m ethods (based on ideas of Y . B renier [18 ]) : for
the linear case in [27 ] and for the weakly nonlinear case of cou pling to the Poisson eq u ation [26 ].

T hese nu m erical m ethods and resu lts shall be ex tended to m ore realistic situ ations and other
applications of sem ic lassical N L S .
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2.4. ad (iv ): q u antu m B o ltz m ann e q u atio ns. U sing the Wig ner fu nctio n fo rm alism , the
L evinso n eq u atio n

∂tf =

∫
t

0

∫
B

[S(k, k′, t − t′)f(k′, t′) − S(k′, k, t − t′)f(k, t′)]d k′ d t′

has recently been d erived as the weak co u pling lim it o f a o ne electro n and arbitrarily m any
pho no ns system [3 7 ], where the pho no ns represent a q u antu m d escriptio n o f o scillatio ns o f a
sem ico nd u cto r crystal. H ere f = f(k, t) is the electro n d istribu tio n in d epend ence o f the wave
vecto r k ∈ B, where the (bo u nd ed ) B rillo u in zo ne B ⊂ R3 is a basic cell o f the d u al o f the
sem ico nd u cto r crystal lattice. T he d istribu tio n f is B-perio d ic. E x plicit ex pressio ns fo r the
scattering rate S can be d erived .

In a larg e tim e scale lim it, the scattering o perato r o f the L evinso n eq u atio n co nverg es to Ferm i’s
G o ld en R u le and a fi rst o rd er co rrectio n term [45 ]. While im plem entatio ns o f L evinso n’s scat-
tering o perato r, which is no n-lo cal in tim e, are ex trem ely m em o ry-co nsu m ing , the q u antu m
co rrectio n term invo lves o nly tim e-d erivatives o f the Wig ner fu nctio n. T he L evinso n and clo sely
related eq u atio ns will be stu d ied . E x istence and u niq u eness resu lts fo r m o d el pro blem s will be
d erived , and q u alitative pro perties su ch as eq u ilibria and lo ng tim e behavio r will be investig ated .
T he nex t aim will be the d erivatio n o f q u antu m scattering o perato rs in the co ntex t o f spatially
inho m o g eneo u s m o d els fo r transpo rt. Asym pto tic m etho d s will be u sed based o n assu m ptio ns
su ch as eq u ilibriu m fo r the pho no n system and weak scattering . T he aim s are accu rate, bu t
still co m pu table q u antu m scattering and transpo rt m o d els. T he fi nal g o al is the inco rpo ratio n
o f the new m o d els in sem ico nd u cto r sim u latio n pro g ram s.

2.5 . ad (v ): sto ch astic nu m e rical m e th o ds fo r k ine tic e q u atio ns. T he sem inal wo rk
[43 ] by T . L yo ns and N . V icto ir, which intro d u ced the co ncept o f cu batu re o n Wiener space,
stim u lated recent eff o rts to im pro ve nu m erical m etho d s fo r sto chastic d iff erential eq u atio ns
and fo r the co rrespo nd ing Fo kker-Planck eq u atio ns, i.e., co nvectio n-d iff u sio n eq u atio ns, o ften
with d eg enerate d iff u sio n (e.g . the cu rrent FWF pro ject Cuba ture o n W ien er S pa ce, led by C .
S chm eiser). T he basic id ea is to replace the Wiener pro cess, i.e., the B rownian m o tio n B(t),
which d rive the S trato novich d iff erential eq u atio ns

d ξ = V0(ξ)d t + V1(ξ) ◦ d B ,

by a fi nite pro bability space, i.e., a fi nite set o f d eterm inistic paths ω1(t), . . . , ωN(t) with pro ba-
bilities λ1, . . . , λN , carefu lly cho sen su ch that ex pectatio n valu es E(f(ξ(T ))) co m pu ted fro m the

so lu tio n are appro x im ated with a certain accu racy by
∑

N

i= 1
f(yi(T ))λi, where yi is the so lu tio n

o f the O D E
d yi = V0(yi)d t + V1(yi)d ωi .

It is far fro m trivial and the su bject o f intensive investig atio ns to d esig n effi cient nu m erical
alg o rithm s based o n this id ea. H owever, so m e very pro m ising resu lts have alread y been achieved
fo r applicatio ns in M athem atical Finance [47 ].

We pro po se to ex tend the cu batu re id ea to d iff erential eq u atio ns d riven by Po isso nian ju m p
pro cesses. H ere the who le theo ry has to be d evelo ped fro m the beg inning (altho u g h a fi rst step
has been taken recently in [22]). S ince kinetic transpo rt eq u atio ns with scattering integ rals can
be seen as m aster eq u atio ns fo r velo city ju m p pro cesses, this m ay lead to new types o f nu m erical
appro aches with the po tential o f im pro ving stand ard M o nte C arlo sim u latio n m etho d s. A
co nnectio n to to pic (iv) is po ssible if a pro babilistic interpretatio n o f the q u antu m co rrectio ns
to the sem iclassical transpo rt m o d el can be fo u nd .


