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Nonlin. Evolution Equations

Consider

u̇ = F (u), F (u) = Au+B(u),

A . . . linear differential operator,

B(u) . . . nonlinear operator, generally unbounded.

◮ MCTDHF equations — Semi–discretization.

◮ Cubic NLS — Semi–discretization.

◮ Cubic NLS with rotation term —
Full discretization Laguerre–Fourier–[Hermite].

◮ Embedded error estimators.

◮ Defect based error estimators.
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Error Estimators

We consider two classes of error estimators:

◮ Embedded splitting formulae:
– Reuse compositions to construct pairs of

different orders.
– Real coefficients for Schrödinger equations.
– Complex coefficients for parabolic problems.

◮ Defect correction:
– Form defect of splitting solution.
– Backsolve for the estimator using a generalized

(nonlinear!) Sylvester equation.
– Hermite quadrature for integral solution

representation
(akin to Gröbner–Alexeev Lemma).

Othmar Koch / Vienna 2013 – p. 3/32



Lie Calculus

ϕt
F (ψ0) . . . flow of ψ̇ = F (ψ), ψ(0) = ψ0.

Othmar Koch / Vienna 2013 – p. 4/32



Lie Calculus

ϕt
F (ψ0) . . . flow of ψ̇ = F (ψ), ψ(0) = ψ0.

Lie derivative DF

(DFG)(ψ) :=
d

dt

∣∣∣∣
t=0

G(ϕt
F (ψ)) = G′(ψ)F (ψ).

(
exp(tDF )G

)
(ψ) := G(ϕt

F (ψ)).

Othmar Koch / Vienna 2013 – p. 4/32



Lie Calculus

ϕt
F (ψ0) . . . flow of ψ̇ = F (ψ), ψ(0) = ψ0.

Lie derivative DF

(DFG)(ψ) :=
d

dt

∣∣∣∣
t=0

G(ϕt
F (ψ)) = G′(ψ)F (ψ).

(
exp(tDF )G

)
(ψ) := G(ϕt

F (ψ)).

Commutator

[DA, DB] := DADB −DBDA = D[B,A].

Othmar Koch / Vienna 2013 – p. 4/32



Lie Calculus

ϕt
F (ψ0) . . . flow of ψ̇ = F (ψ), ψ(0) = ψ0.

Lie derivative DF

(DFG)(ψ) :=
d

dt

∣∣∣∣
t=0

G(ϕt
F (ψ)) = G′(ψ)F (ψ).

(
exp(tDF )G

)
(ψ) := G(ϕt

F (ψ)).

Commutator

[DA, DB] := DADB −DBDA = D[B,A].

Define recursively iterated commutators

ad0DA
(DB)u := DBu, adjDA

(DB)u := [DA, ad
j−1
DA

(DB)](u).
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j=1

eas+1−j hDA ebs+1−j hDB un, n = 0, 1, . . .

Theorem: The local error of the splitting operator
admits the expansion

ehDA+Bv−S(h, v)∼
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admits the expansion

ehDA+Bv−S(h, v)∼
p∑

k=1

∑

µ∈Nk

|µ|≤p−k

1
µ! h

k+|µ| Ckµ

k∏

ℓ=1

adµℓ

DA
(DB) e

hDA v.

Ckµ . . . computable constants.

The remainder term can be proven separately to be of
higher order.
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◮ Expansion of the evolution operator by the
nonlinear variation of constant formula.

◮ Expansion of the splitting operator based on the
recurrence

ϕ0(tDA) = etDA,

ϕj(tDA) =
1

j!
I + ϕj+1(tDA)tDA, j ≥ 0.

◮ Taylor expansion of the evolution operator.
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Coulomb force and subject to nuclear attraction,

H :=
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k=1

(
−1

2
∆(k) − Z

|xk|
+
∑

l<k

1

|xk − xl|

)
= T + V .

∆(k) . . . Laplace operator w. r. t. k-th particle.
Z ∈ N . . . nuclear charge.
Pauli principle implies antisymmetry in ψ!
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MCTDHF

MCTDHF ansatz: Model reduction of TDSE by

ψ(x1, . . . , xf , t) ≈ u :=
∑

J

aJ (t)ΦJ(x, t)

=
∑

j1,...,jf

aj1,...,jf (t)φj1(x1, t) · · · φjf (xf , t) ∈ M.
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MCTDHF ansatz: Model reduction of TDSE by

ψ(x1, . . . , xf , t) ≈ u :=
∑

J

aJ (t)ΦJ(x, t)

=
∑

j1,...,jf

aj1,...,jf (t)φj1(x1, t) · · · φjf (xf , t) ∈ M.

Dirac–Frenkel variational principle
〈
δu

∣∣∣∣i
∂u

∂t
−Hu

〉
= 0 ∀ variations δu ∈ TuM.

Additional constraints for uniqueness
〈
φj
∣∣φk
〉
= δj,k,

〈
φj

∣∣∣∣
∂φk

∂t

〉
= −i〈φj|T |φk〉.
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Equations of Motion

This yields the equations of motion

i
daJ

dt
=
∑

K

〈ΦJ |V |ΦK〉 aK =: AV (φ)a,

i
∂φj

∂t
= Tφj + (1− P )

∑

k

∑

l

ρ−1
j,l V l,kφk =: Tφ+ BV (a, φ),
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This yields the equations of motion

i
daJ

dt
=
∑

K

〈ΦJ |V |ΦK〉 aK =: AV (φ)a,

i
∂φj

∂t
= Tφj + (1− P )

∑

k

∑

l

ρ−1
j,l V l,kφk =: Tφ+ BV (a, φ),

where

ψj := 〈φj|u〉 , “single-hole functions”,
ρj,l := 〈ψj|ψl〉 , “density matrix”,

V l,k := 〈ψl |V |ψk〉 , “mean-field operator matrix”,

P :=
∑

j

|φj〉 〈φj| , (orthogonal projector).
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∂
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− T
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〉

= 0 ∀δu ∈ TuM, u(t0) = u0.

◮ ebjhDBu0: Compute the solution at time t0 + bjh of
〈
δu

∣∣∣∣i
∂

∂t
− V

∣∣∣∣u
〉

= 0 ∀δu ∈ TuM, u(t0) = u0.

Othmar Koch / Vienna 2013 – p. 10/32



Convergence of Splitting

Theorem (Koch, Lubich (2010); Koch (2010);
Koch, Neuhauser, Thalhammer (2012)):
Consider the numerical approximation of the MCTDHF
equations for a free electron gas (Z = 0) given by time
semidiscretization based on an order p splitting.

Assume that ‖u(t)‖Hm ≤Mm for 0 ≤ t ≤ T . Then
∥∥un − u(tn)

∥∥
L2

≤ C hp , C = C(Mm),

m = p = 2 or m = 2 p− 3, p ≥ 3,
∥∥un − u(tn)

∥∥
H1

≤ C hp−1 , C = C(Mm),

m = p = 2, 3 or m = 2 p− 4, p ≥ 4.
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Koch, Neuhauser, Thalhammer (2012)):
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equations for a free electron gas (Z = 0) given by time
semidiscretization based on an order p splitting.

Assume that ‖u(t)‖Hm ≤Mm for 0 ≤ t ≤ T . Then
∥∥un − u(tn)

∥∥
L2

≤ C hp , C = C(Mm),

m = p = 2 or m = 2 p− 3, p ≥ 3,
∥∥un − u(tn)

∥∥
H1

≤ C hp−1 , C = C(Mm),

m = p = 2, 3 or m = 2 p− 4, p ≥ 4.

Remark: For an atom, p = 2 if u ∈ H3 and u(0, t) = 0.
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Outline of Proof

◮ Stability in the H1-norm.

◮ Local error in H1: O(hp), constant depends on the
Hm-norm of u
(m as specified; commutator bounds!).

◮ Stability + consistency in H1 =⇒
convergence order p− 1 in H1.

◮ Boundedness of the numerical solution in H1.

◮ Stability in L2: Constant depends on H1-norm.

◮ Local error in L2: O(hp+1), constant depends on the
Hm-norm of u (m as specified).

◮ Since ‖un‖H1 is bounded, we conclude
convergence order p in L2.
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NLS

Cubic nonlinear Schrödinger equation (NLS)

i ∂tψ(x, t) = −1

2
∆ψ(x, t) + β|ψ(x, t)|2ψ(x, t), x ∈ R

3.
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Theorem : Consider order p splitting for NLS,
let ‖ψ(t)‖Hk ≤Mk, k ∈ N.

◮
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NLS

Cubic nonlinear Schrödinger equation (NLS)

i ∂tψ(x, t) = −1

2
∆ψ(x, t) + β|ψ(x, t)|2ψ(x, t), x ∈ R

3.

Theorem : Consider order p splitting for NLS,
let ‖ψ(t)‖Hk ≤Mk, k ∈ N.

◮

∥∥ψn − ψ(tn)
∥∥
L2

≤ C hp , C = C(M2p).

◮

∥∥ψn − ψ(tn)
∥∥
H1

≤ C hp−1 , C = C(M2p−1).

◮

∥∥ψn − ψ(tn)
∥∥
H2

≤ C hp−2 , C = C(M2p−2).

Proof: First H2, then H2-conditional stability in H1 and
L2, respectively.
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Full Discretization

Cubic NLS with rotation term in 2D:

i∂ tψ(x, y, t) = −1

2
∆ψ(x, y, t) +

γ2

2
(x2 + y2)ψ(x, y, t) + · · ·

+ iΩ(x∂y − y∂x)ψ(x, y, t) + V (x, y)ψ(x, y, t) + · · ·
+β|ψ(x, y, t)|2ψ(x, y, t), (x, y) ∈ R

2, t > 0.
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Laguerre(r)–Fourier(θ)–[Hermite(z)].
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Full Discretization

Cubic NLS with rotation term in 2D:

i∂ tψ(x, y, t) = −1

2
∆ψ(x, y, t) +

γ2

2
(x2 + y2)ψ(x, y, t) + · · ·

+ iΩ(x∂y − y∂x)ψ(x, y, t) + V (x, y)ψ(x, y, t) + · · ·
+β|ψ(x, y, t)|2ψ(x, y, t), (x, y) ∈ R

2, t > 0.

Spatial discretization in cylindrical coordinates:
Laguerre(r)–Fourier(θ)–[Hermite(z)].

Theorem: Consider splitting of order p for full
discretization. If ψ ∈ H2p, then

‖ψn,M − ψ(tn)‖L2 ≤ C
(
‖ψ0,M − ψ(0)‖L2 +M−q + (∆t)p

)
,

where q > 0 and Md . . . # of basis functions, d = 2, 3.
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Proof Ingredients

◮ 4-term recursion holds in Cartesian coordinates for
differential and multiplication operators applied to
scaled generalized Laguerre functions Lγ

km

(eigenfunctions of A)

Lγ
km(r cosϑ, r sinϑ) = L̃

γ
k,|m|

(r) eimϑ

L̃
γ
km(r) =

1√
πCm

k

γ(m+1)/2 rm e−γr2/2 Lm
k (γr2),

Lm
k (r) = 1

k! r
−m er dk

drk

(
e−r rk+m

)
.
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)
.

◮ Use fractional power spaces associated with A.
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Proof Ingredients

◮ 4-term recursion holds in Cartesian coordinates for
differential and multiplication operators applied to
scaled generalized Laguerre functions Lγ

km

(eigenfunctions of A)

Lγ
km(r cosϑ, r sinϑ) = L̃

γ
k,|m|

(r) eimϑ

L̃
γ
km(r) =

1√
πCm

k

γ(m+1)/2 rm e−γr2/2 Lm
k (γr2),

Lm
k (r) = 1

k! r
−m er dk

drk

(
e−r rk+m

)
.

◮ Use fractional power spaces associated with A.

◮ Sobolev-type inequalities on curved rectangles
associated with polar coordinates.

◮ Asymptotical properties of Gauß–Laguerre nodes
and weights. Othmar Koch / Vienna 2013 – p. 15/32



Embedded Splittings

We use embedded pairs of splitting formulae for
estimating the local error:
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Embedded Splittings

We use embedded pairs of splitting formulae for
estimating the local error:

j aj

1 0

2,7 0.245298957184271

3,6 0.604872665711080

4,5 1/2− (a2 + a3)

j âj

1 a1

2 a2

3 a3

4 a4

5 0.3752162693236828

6 1.4878666594737946

7 − 1.3630829287974774

j bj

1,7 0.0829844064174052

2,6 0.3963098014983680

3,5 − 0.0390563049223486

4 1− 2 (b1 + b2 + b3)

j b̂j

1 b1

2 b2

3 b3

4 b4

5 0.4463374354420499

6 − 0.0060995324486253

7 0
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Embedded Splittings (2)

Cubic NLS with blow-up solution:

i ∂ tψ(x, t) = −1

2
∆ψ(x, t)− 2|ψ(x, t)|2ψ(x, t), x ∈ R

2.

Othmar Koch / Vienna 2013 – p. 17/32



Embedded Splittings (2)

Cubic NLS with blow-up solution:

i ∂ tψ(x, t) = −1

2
∆ψ(x, t)− 2|ψ(x, t)|2ψ(x, t), x ∈ R

2.

Time-stepping for pairs 2(1) (left) and 4(3) (right):
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Embedded Splittings (3)

Dissipative parabolic problem:

∂ tu(x, t) =
1

2
∆u(x, t) + u(x, t)(1− u(x, t)), x ∈ [−8, 8]3.
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Embedded Splittings (3)

Dissipative parabolic problem:

∂ tu(x, t) =
1

2
∆u(x, t) + u(x, t)(1− u(x, t)), x ∈ [−8, 8]3.

Time-stepping for a complex 4(3) pair:
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Defect Based Estimate

We consider the linear case,

u̇ = Au+Bu, u(0) = u0.
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Defect Based Estimate

We consider the linear case,

u̇ = Au+Bu, u(0) = u0.

Lie–Trotter and Strang splitting, we present Lie–Trotter:

u(t) = E(t)u0 = et(A+B)u0 ≈ etAetBu0 = S(t)u0.

The exact flow satisfies

Ė(t) = AE(t) +BE(t).

The splitting flow satisfies Sylvester equation

Ṡ(t) = AS(t) + S(t)B.
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Defect Based Estimate (2)

Defect and truncation error of splitting flow:

D(t) = Ṡ(t)−AS(t)−BS(t) = [S(t), B],

T(t) = Ė(t)−AE(t)− E(t)B = [B,E(t)].
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Defect and truncation error of splitting flow:

D(t) = Ṡ(t)−AS(t)−BS(t) = [S(t), B],

T(t) = Ė(t)−AE(t)− E(t)B = [B,E(t)].

D satisfies inhomogeneous Sylvester equation

Ḋ(t) = AD(t) +D(t)B + [A,B]E(t), D(0) = 0.

=⇒ ‖D(h)u0‖ ≤ const.‖[A,B]u0‖h.
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Defect Based Estimate (2)

Defect and truncation error of splitting flow:

D(t) = Ṡ(t)−AS(t)−BS(t) = [S(t), B],

T(t) = Ė(t)−AE(t)− E(t)B = [B,E(t)].

D satisfies inhomogeneous Sylvester equation

Ḋ(t) = AD(t) +D(t)B + [A,B]E(t), D(0) = 0.

=⇒ ‖D(h)u0‖ ≤ const.‖[A,B]u0‖h.

T satisfies inhomogeneous evolution equation

Ṫ(t) = AT(t) +BT(t)− [A,B]S(t), T(0) = 0.

=⇒ ‖T(h)u0‖ ≤ const.‖[A,B]u0‖h.
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A Priori Error Estimates

◮ Local error ε = E− S satisfies evolution equation

ε̇ = Aε+Bε+D, ε(0) = 0,

ε(t) =

∫ t

0

e(t−s)(A+B)
D(s) ds.
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ε̇ = Aε+Bε+D, ε(0) = 0,

ε(t) =

∫ t

0

e(t−s)(A+B)
D(s) ds.

=⇒ ‖ε(h)u0‖ ≤ const.‖[A,B]u0‖h2.
◮ ε = E− S also satisfies Sylvester equation

ε̇ = Aε+ εB − T, ε(0) = 0,

ε(t) =

∫ t

0

e(t−s)A
T(s)e(t−s)B ds.
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A Posteriori Estimator

◮ Approximate −T (unknown) ≈ D (known):

˙̃ε = Aε̃+ ε̃B +D, ε(0) = 0,

ε̃(t) =

∫ t

0

e(t−s)A
D(s)e(t−s)B ds.
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A Posteriori Estimator

◮ Approximate −T (unknown) ≈ D (known):

˙̃ε = Aε̃+ ε̃B +D, ε(0) = 0,

ε̃(t) =

∫ t

0

e(t−s)A
D(s)e(t−s)B ds.

◮ This is not computable in practice — approximate
by trapezoidal quadrature:

ε̃(h) ≈ ε̃Q(h) :=
h

2

(
ehAD(0)ehB + e0D(h)e0

)
=
h

2
D(h)

=
h

2
[S(h), B] =

h

2

[
ehA, B

]
ehB.
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Error Analysis

Rewrite

ε̃Q(h)− ε(h) = ε̃Q(h)− ε̃(h)︸ ︷︷ ︸
δ̃Q . . . quadrature error

+ ε̃(h)− ε(h)︸ ︷︷ ︸
δ̃ = δ̃(D+ T)

.

◮ Quadrature error requires estimation of

d2

ds2
e(h−s)AB esA ;

critical dependence on [[B,A], A] =⇒ δ̃Q(h) = O(h3).
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.

◮ Quadrature error requires estimation of
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ds2
e(h−s)AB esA ;

critical dependence on [[B,A], A] =⇒ δ̃Q(h) = O(h3).

◮ D+ T satisfies evolution equation depending on
[B, [B,A]].
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Error Analysis

Rewrite

ε̃Q(h)− ε(h) = ε̃Q(h)− ε̃(h)︸ ︷︷ ︸
δ̃Q . . . quadrature error

+ ε̃(h)− ε(h)︸ ︷︷ ︸
δ̃ = δ̃(D+ T)

.

◮ Quadrature error requires estimation of

d2

ds2
e(h−s)AB esA ;

critical dependence on [[B,A], A] =⇒ δ̃Q(h) = O(h3).

◮ D+ T satisfies evolution equation depending on
[B, [B,A]].

◮ If commutators are bounded =⇒ δ̃ = O(h3).
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Schrödinger Equations

Linear Schrödinger equation

i ∂ tψ(x, t) = −1
2 ∆ψ(x, t) + V (x)ψ(x, t) , x ∈ R

3 .
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Schrödinger Equations

Linear Schrödinger equation

i ∂ tψ(x, t) = −1
2 ∆ψ(x, t) + V (x)ψ(x, t) , x ∈ R

3 .

Theorem: Let L be the local error, P its estimate.
Then for the Lie–Trotter splitting,
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Schrödinger Equations

Linear Schrödinger equation

i ∂ tψ(x, t) = −1
2 ∆ψ(x, t) + V (x)ψ(x, t) , x ∈ R

3 .

Theorem: Let L be the local error, P its estimate.
Then for the Lie–Trotter splitting,

◮ For V ∈ C2, ‖ψ0‖H1 ≤M1,

‖L(h)ψ0‖L2 ≤ Ch2, C = C(M1).
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Schrödinger Equations

Linear Schrödinger equation

i ∂ tψ(x, t) = −1
2 ∆ψ(x, t) + V (x)ψ(x, t) , x ∈ R

3 .

Theorem: Let L be the local error, P its estimate.
Then for the Lie–Trotter splitting,

◮ For V ∈ C2, ‖ψ0‖H1 ≤M1,

‖L(h)ψ0‖L2 ≤ Ch2, C = C(M1).

◮ For V ∈ C4, ‖ψ0‖H2 ≤M2,

‖(P−L)(h)ψ0‖L2 ≤ Ch3, C = C(M2).
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Nonlinear Defect Estimate

Define defect

D(t) = ∂ tS(t, ψ0)−AS(t, ψ0)− B(S(t, ψ0))

= ∂2S(t, ψ0) · B(ψ0)− B(S(t, ψ0))

= S(t, B(ψ0))−B(S(t, ψ0)) +O(t2).
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= ∂2S(t, ψ0) · B(ψ0)− B(S(t, ψ0))

= S(t, B(ψ0))−B(S(t, ψ0)) +O(t2).

Error estimate: Generalized Gröbner–Alexeev Lemma.
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Nonlinear Defect Estimate

Define defect

D(t) = ∂ tS(t, ψ0)−AS(t, ψ0)− B(S(t, ψ0))

= ∂2S(t, ψ0) · B(ψ0)− B(S(t, ψ0))

= S(t, B(ψ0))−B(S(t, ψ0)) +O(t2).

Error estimate: Generalized Gröbner–Alexeev Lemma.

Quadrature ; P(h) = h
2D(h).

Asymptotically correct in nonlinear semi-discrete and
fully-discrete setting! (in preparation)
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Numerical example (1)

For Ω = γ = V = 0 and β = −1 in 1D
(512 Fourier modes, spatial error negligible),

an exact solution is

ψ(x, t) =
2e

3

2
it−ix

cosh(2t+ 2x)
.
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Numerical example (1)

For Ω = γ = V = 0 and β = −1 in 1D
(512 Fourier modes, spatial error negligible),

an exact solution is

ψ(x, t) =
2e

3

2
it−ix

cosh(2t+ 2x)
.

k ∆t err p errest pest

8 3.9062× 10−3 1.5560× 10−4 2.00 1.1997× 10−6 3.03

9 1.9531× 10−3 3.8906× 10−5 2.00 1.4902× 10−7 3.01

10 9.7656× 10−4 9.7267× 10−6 2.00 1.8597× 10−8 3.00

11 4.8828× 10−4 2.4317× 10−6 2.00 2.3237× 10−9 3.00

12 2.4414× 10−4 6.0792× 10−7 2.00 2.9044× 10−10 3.00

13 1.2207× 10−4 1.5198× 10−7 2.00 3.6304× 10−11 3.00
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Numerical example (2)

2D example: V = 0.4 y2, Ω = 0.5, β = 100, γ = 0.8.

The movie shows |ψ|2 for

ψ0(x, y) =
x+ iy√

π
e−

x2+y2

2 .

100 Laguerre, 128 Fourier, Strang splitting (∆t = 0.02).
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Numerical example (2)

2D example: V = 0.4 y2, Ω = 0.5, β = 100, γ = 0.8.

The movie shows |ψ|2 for

ψ0(x, y) =
x+ iy√

π
e−

x2+y2

2 .

100 Laguerre, 128 Fourier, Strang splitting (∆t = 0.02).

[density_fourier_laguerre_strang.avi]
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Numerical example (3)

We plot the functional “condensate width”,

σ2r = σ2x + σ2y, σ2α =

∫

R2

α2|ψ(x, y, t)|2 d(x, y).
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Numerical example (3)

We plot the functional “condensate width”,

σ2r = σ2x + σ2y, σ2α =

∫

R2

α2|ψ(x, y, t)|2 d(x, y).

Plot of width and step-sizes for embedded 4(3) and
defect based Lie–Trotter (tolerance = 10−3):
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Extensions

◮ Lie splitting
u̇ = Au+Bu+ Cu.

Design and analysis similar to the case C = 0.
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◮ Strang splitting: Set C = A, further expansion,

D(h) =
[
ehAehB, A+ B

]
ehA = O(h2).
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Extensions

◮ Lie splitting
u̇ = Au+Bu+ Cu.

Design and analysis similar to the case C = 0.

◮ Strang splitting: Set C = A, further expansion,

D(h) =
[
ehAehB, A+ B

]
ehA = O(h2).

Use third-order Hermite quadrature
; asymptotically correct local error estimator

ε̃Q(h) =
h

3
D(h) = ε(h) +O(h4).

(error analysis uses higher order commutators).
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Extensions (2)

Extension of defect–based approach to higher-order
splittings,

P(h) =
h

p+ 1
D(h) ≈ L(h)

(higher-order Hermite quadrature!).
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Extensions (2)

Extension of defect–based approach to higher-order
splittings,

P(h) =
h

p+ 1
D(h) ≈ L(h)

(higher-order Hermite quadrature!).
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Outlook

◮ Construction of higher–order (complex) embedded
splitting methods is a highly nontrivial optimization
problem.
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Outlook

◮ Construction of higher–order (complex) embedded
splitting methods is a highly nontrivial optimization
problem.

◮ Defect based approach may be iterated to obtain
higher-order approximation. Convergence?

◮ Comparisons of error estimators.

◮ Time stepping strategies for splitting methods.

◮ Alternative spatial discretizations — FEM:
Adaptivity, evaluation of nonlocal operators.
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Adaptive Full Discretization of Nonlinear
Schrödinger Equations
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