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Geometrical optics describes, with good accuracy, the propagation of
high-frequency plane waves through an electromagnetic medium. Under such
approximation, the behaviour of the electromagnetic fields is characterised by
just three quantities: the temporal frequency ω, the spatial wave (co)vector
k, and the polarisation (co)vector a. Numerous key properties of a given
optical medium are determined by the Fresnel surface, which is the visual
counterpart of the equation relating ω and k. For instance, the propagation
of electromagnetic waves in a uniaxial crystal, such as calcite, is represented
by two light-cones. Kummer, whilst analysing quadratic line complexes as
models for light rays in an optical apparatus, discovered in the framework
of projective geometry a quartic surface that is linked to the Fresnel one.
Given an arbitrary dispersionless linear (meta)material or vacuum, we aim
to establish whether the resulting Fresnel surface is equivalent to, or is more
general than, a Kummer surface.

In the 1905 book [1], Hudson examines the relation between ω and k ori-
ginating from a wide family of dielectric crystals (ε=anisotropic, but µ=µ0),
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wave surface (74) has the same form as the ray surface (82)
and vice versa: The ray surface (75) has the same form as
the wave surface (81). In this sense, Figs. 4–6 show the ray
(wave) surfaces dual to the respective wave (ray) surfaces
depicted in Figs. 1 and 2, with the mentioned replacement
of n $ m and with the interchange between the dimen-
sionless wave covector variables x ! cq1=q0, y ! cq2=q0,
z ! cq3=q0 and the dimensionless ray vector variables x !
s1=s0c, y ! s2=s0c, z ! s3=s0c.

4. Skewonic magnetoelectric optical activity

Let us now assume that only the tensor part of the
skewon is present in (55), whereas ma ! 0 and na ! 0.
We call this a skewon of the magnetoelectric type, since it
corresponds to the case of the natural optical activity in
matter for the purely imaginary sab; see [7,22,33,34].
Furthermore, we consider the effects of the symmetric
and skew-symmetric parts (58). In the absence of the
skew-symmetric tensor part (zc ! 0), we find Ma ! 0,
Mabc ! 0, and

M ! ""30;

Mabcd ! 1
!0

#""2
0#

$ab#cd% & #$abuecujejd% " u$abucd%';

(83)

Mab ! "0#2"2
0#

ab & $2uab " #abud
d%ucc " ueaujejb%':

(84)

As a check of the consistency of our formalism, we can

verify that the isotropic case uab ! "S#a
b reduces to the

birefringent case (46) and (47) with wi ! "vi !
#i
0

!!!!!!
2S

p
=c.

As to the ray surface, a direct computation yields bMa !
0, bMabc ! 0, and

bM ! !"3
0 ; bMab ! "c2#aa0#bb0Ma0b0 ;

bMabcd ! "c"2#aa0#bb0#cc0#dd0Ma0b0c0d0 :
(85)

Accordingly, the form of the Fresnel ray and wave surfaces
turns out to be exactly the same.

A direct calculation of the mean velocity of the light
propagation now yields

hv2i ! c2
"
1" uabub

a & uaaub
b

6

#
: (86)

As usual, we again introduce the dimensionless skewon
variable uab ! uab="0. Then, similarly to the above cases,
we find as upper value for the symmetric tensor skewon
field from gamma-ray burst data [5] uabub

a < 7(
10"27"2

0.
The Fresnel wave covector surface has now quite a

different form as compared to the two cases above. For
concreteness, let us take a tensor skewon with only one
nontrivial component, uab ! u$#1

a#b
2 & #2

a#b
1%. Then, for

small values of the skewon u < 1, the Fresnel wave surface
is depicted in Fig. 7. As a comment to this figure, let us
recall that for a vanishing skewon u ! 0 we have a pure
vacuum space-time relation, and the Fresnel wave surface
is then a sphere. With u ! 0, this sphere degenerates to a
pair of highly deformed intersecting toroids that, for ex-
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FIG. 6 (color online). Fresnel surface for a skewon of the
magnetic Faraday type. It has two branches that are both pa-
raboloids for a purely imaginary skewon with m2 ! "1 (de-
picted with a cut in half ). Here ma ! m#a

3 ; we use the
dimensionless variables x :! cq1=q0, y :! cq2=q0, z :!
cq3=q0.
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FIG. 7 (color online). Fresnel surface for a skewon of the
magnetoelectric optical activity type. It has two intersecting
toroidal branches for a real skewonic u ! 0:8. We use the
dimensionless variables x :! cq1=q0, y :! cq2=q0, z :!
cq3=q0.
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Figure 1: Does this skewonic medium really have a Fresnel=Kummer surface?
Taken from: Obukhov and Hehl (2004).

and deduces that the Fresnel surface is a restricted case of the Kummer one.
Four years later, this conclusion is rectified by Bateman [2]. Starting from
a more general ansatz, to wit, from a dispersionless linear medium that is
constrained by one symmetry requirement alone, he appears to demonstrate
that the Fresnel surface coincides with the Kummer one. A number of re-
cent works investigate the properties of those (meta)materials and vacuum
geometries for which the additional symmetry condition does not hold true
[3, 4, 5, 6]. One is thus motivated to verify whether such optical media, en-
dowed a non-zero skewon component, still give rise to a Fresnel surface that is
equivalent to a Kummer one. It may of course happen that the propagation of
light in some dispersionless and linear (meta)materials or theories of vacuum
is not described by a Kummer surface, cf. Figure 1. One would then proceed
and examine K3 surfaces and Calabi-Yau manifolds of increasing generality.

The article [2] by Bateman introduces several notions and techniques
which became of common use only in recent years. Moreover, it describes the
theory of geometrical optics from a novel and potentially fruitful angle. Bate-
man investigates the propagation of light in a medium such that, not only the
permittivity and permeability are anisotropic, but also the magneto-electric
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response is non-zero. As mentioned earlier, besides the usual requirements
of linearity and zero dispersion, the constitutive law discussed in [2] satisfies

χαβµν = χµναβ (no skewon). (1)

Here, χαβµν is the structure tensor that links the field excitation Ȟαβ∼(D,H)
and the field strength Fαβ∼(E,B) according to Ȟαβ = 1

2
χαβµνFµν . It is im-

portant to observe that the medium is subject to no further restrictions. More
in detail, the component of the electromagnetic response that is singled out
by the index alternation χ[αβµν] need not vanish. As a result of this choice,
Bateman is seemingly the first to introduce an electromagnetic medium that
has a non-zero axion part. He is also one of the few authors that relate geo-
metrical optics and the tracing of lines in a 3-dimensional projective space.
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